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Abstract Recent advances in deep learning for neural networks with large numbers of parameters have
been enabled by automatic differentiation, an algorithmic technique for calculating gradients of
measures of model ﬁt with respect to model parameters. Estimation of high‐dimensional parameter sets is an
important problem within the hydrological sciences. Here, we demonstrate the effectiveness of
gradient‐based estimation techniques for high‐dimensional inverse estimation problems using a conceptual
rainfall‐runoff model. In particular, we compare the effectiveness of Hamiltonian Monte Carlo and
automatic differentiation variational inference against two nongradient‐dependent methods, random
walk Metropolis and differential evolution Metropolis. We show that the former two techniques exhibit
superior performance for inverse estimation of daily rainfall values and are much more computationally
efﬁcient on larger data sets in an experiment with synthetic data. We also present a case study evaluating the
effectiveness of automatic differentiation variational inference for inverse estimation over 25 years of daily
precipitation conditional on streamﬂow observations at three catchments and show that it is scalable to
very high dimensional parameter spaces. The presented results highlight the power of combining
hydrological process‐based models with optimization techniques from deep learning for high‐dimensional
estimation problems.

Plain Language Summary We programmed a rainfall‐runoff model in a software package
designed for optimizing neural networks and found that this enabled application of these tools for
estimating unknown parameters of our model. Using simulated data, we compared the effectiveness of two
methods employing this technique with two which did not and found that the former were much more
effective at estimating large numbers of unknown variables. A case study involving 25 years of data from
three catchments was also performed in order to assess the viability of this approach on real‐world data.

1. Introduction
Substantial attention has been devoted in recent years to the translation of empirical, data‐driven methods
arising outside of the Earth and environmental sciences to hydrology (Marçais & de Dreuzy, 2017). These
methods require little knowledge about the system being studied and tend to make few assumptions about
the underlying dynamics of the data‐generating process, but they generally have a large number of uninterpretable parameters. This necessitates assimilation of large observational data sets to adequately constrain
the parameter space and provide useful predictive forecasts.
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In most modern applications of neural networks, the gradient ∇θ f (x, θ) of the objective function f with
regard to model parameters θ conditional on the observed data x is used to update these model parameters
to minimize predictive error. This approach is generally known as gradient descent. When the data set is too
large to compute the derivative within a reasonable amount of time, small subsets of the data are used at
each training step; this approach is labeled stochastic gradient descent (Robbins & Monro, 1951). This
method, in principle, can be employed whenever the objective function is a differentiable function of the
model parameters. Deep neural networks beneﬁt immensely from this approach, as they are expressed as
compositions and recurrences of continuous functions for which the gradient is usually well deﬁned, even
if it contains a large number of terms. Earlier work in neural networks assumed network forms for which
the stochastic gradient descent updates could be deﬁned in a simple, closed‐form fashion (Rumelhart
et al., 1986). However, as the machine learning research community incorporated more sophisticated
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activation functions, network structures, and problem formulations, obtaining expressions for the gradient
function by hand quickly became infeasible.
A crucial next step in the training of deep models was the usage of automatic differentiation (AD), an
algorithmic technique for calculating derivatives exactly, to provide update equations for θ → θ* without
human intervention. AD makes use of the fact that continuous mathematical functions can be represented
as compositions of simpler functions for which the derivative is known. Then, the chain rule is applied iteratively to produce a formula for the gradient that might be too cumbersome to program by hand or write
down explicitly. It borrows elements of both symbolic and numerical differentiation, and while an in‐depth
review and tutorial of AD is beyond the scope of this work, we refer the reader to existing tutorials and
reviews on this subject (Baydin et al., 2018). AD is a major component of all modern deep learning
frameworks such as TensorFlow (Abadi et al., 2015), Caffe (Jia et al., 2014), Torch (Paszke et al., 2017),
and Theano (Bergstra et al., 2010). Within hydrology, applications of neural networks to hydrologic modeling (Dawson & Wilby, 2001; Govindaraju, 2000; Tokar & Johnson, 1999) frequently employ gradient‐based
training methods to estimate network weights or parameters, and more recent studies have begun to use AD‐
enabled deep learning frameworks for training neural networks on hydrological data (Zhang et al., 2018).
While, in principle, all methods employing AD could be implemented instead with numerical approximations to the derivative, the former is generally not as susceptible to truncation and round‐off errors as the
latter (Iri et al., 1988).
It is our intent in this study to show that gradient information critical to neural network optimization can
also enhance parameter estimation in hydrologic modeling. While there are many families of estimation
algorithms employed in the hydrological sciences and other disciplines, the interrelations and similarities
between these algorithms can be unclear. A taxonomy of estimation methods is provided in Figure 1, providing a categorization of frequently used estimation algorithms across machine learning and hydrology.
Within machine learning, the adjective “deep” often refers to large numbers of variables with feed‐forward
connections, leading to highly nested composite functional forms and varying levels of abstraction. In our
application, “depth” is achieved by employing a dynamical system that induces cross‐time step dependencies and similarly requires back‐propagation of gradients through upward of 104 nested function evaluations. However, we only consider a generative process with a limited number of structural parameters by
using a conceptual rainfall‐runoff model as opposed to a deep neural network with thousands or even millions of parameters. We are able to calculate the gradients required because the chosen rainfall‐runoff
model, GR4J, is mostly continuous with only a few point discontinuities. As inverse problems in the Earth
and environmental sciences in general and hydrology in particular are frequently ill‐posed with more
unknown quantities of interest than observed data, we make use of the fact that the hydrological model
structure imposed by GR4J can be considered to be a very strong form of prior. This restricts the possible
pairings of input rainfall volumes and output streamﬂow values to a space that is sufﬁciently small to allow
for inverse estimation.
In this work, we address the problem of inverse modeling of precipitation conditional on streamﬂow
observations to illustrate the advantages of using gradient‐based estimation methods. Inverse modeling
typically requires exploring a high‐dimensional solution space in which each system input or initial condition induces an extraparameter. We note that the generality of our approach is not unique to inverse
modeling, but we have chosen this application, as it allows us to designate an arbitrarily large number
of unknown variables to be estimated and it has been considered in past studies as a difﬁcult test case
for estimation algorithms (Vrugt et al., 2008). We apply automatic differentiation variational inference
(ADVI; Kucukelbir et al., 2016) and a variant of Hamiltonian Monte Carlo (HMC; Duane et al., 1987),
the No‐U‐Turn‐Sampler (Hoffman & Gelman, 2014), two Bayesian gradient‐based optimization methods,
to the task of recovering unknown parameters in both a synthetic data case study and also apply ADVI to
inverse estimation of a multidecadal observational record of streamﬂow. Our goal is not to speciﬁcally
emphasize the usefulness of any of the inference algorithms studied but rather to offer an initial investigation into gradient‐based estimation methods in general. Within this work, we focus on Bayesian parameter estimation, building upon past work in uncertainty quantiﬁcation and optimization in hydrology
(Kingston et al., 2008; Kuczera & Parent, 1998; Pathiraja et al., 2018; Renard et al., 2010; Smith et al.,
2015; Smith & Marshall, 2008) in order to provide a coherent probabilistic framework. The main research
questions of this work are as follows:
KRAPU ET AL.
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Figure 1. Taxonomy of estimation algorithms. The inference methods listed here may belong to multiple classes, some of
which overlap. For example, both Bayesian and non‐Bayesian versions of differential evolution exist. Our criterion for
an algorithm to be Bayesian is that it assumes a joint probability distribution over model parameters. Methods for estimating parameters in deep neural networks such as stochastic gradient descent are readily adapted to work on
Bayesian estimation problems in the form of sampling approaches such as Hamiltonian Monte Carlo or optimization
approaches such as automatic differentiation variational inference (ADVI). This is not a comprehensive listing of estimation algorithms employed in hydrology but covers those that are closest to the methods employed in this study.

1. Do deep learning frameworks provide suitable functionality for inverse estimation in conceptual
hydrological models?
2. How do gradient‐based estimation methods compare with existing inference algorithms applied in
hydrology in terms of scalability and accuracy?
3. Are gradient‐based methods effective for inverse modeling in scenarios involving large (>103)
parameter sets?
We note that although this work explores the utility of ADVI and HMC/NUTS as applied to inverse rainfall‐
runoff modeling, we do not single these out as especially well suited to hydrology parameter estimation.
Instead, we regard them as exemplars of a very broad class of probabilistic and nonprobabilistic methods
that are only feasible when the hydrological model is programmed in an AD enabled framework.
Furthermore, we have selected case studies displaying applications in inverse modeling, but the advantages
of our modeling strategy may hold in a much broader range of scenarios such as parameter estimation for
overparameterized distributed hydrological models. We conducted this study as a proof‐of‐concept displaying integration of machine learning optimization methods with hydrology‐speciﬁc model forms. This stands
in contrast to applications of machine learning to hydrology, which do not incorporate system‐speciﬁc processes such as neural networks and random forests. Additionally, we make use of community‐standard
implementations of ADVI and NUTS from PyMC3 (Salvatier et al., 2016) in order to dramatically simplify
the model development and parameter estimation workﬂow. PyMC3 is one of several statistical programming frameworks that provides a ﬂexible and extensive set of modular building blocks for stochastic model
deﬁnition and Bayesian parameter estimation. Alternative software platforms that incorporate similar
functionality include Stan (Carpenter et al., 2017) and Edward (Tran et al., 2016). We hope that this will provide a roadmap to researchers interested in solving difﬁcult parameter estimation problems in an efﬁcient,
reproducible way.
This work is structured as follows: Section 2 describes our methodology involving implementation of conceptual rainfall‐runoff model GR4J (Perrin et al., 2003) in Theano, a gradient‐aware AD framework. This
section also provides an overview of the algorithms that we considered. The data and problem formulations
for two case studies are described in section 3 while results and discussion are given in sections 4 and 5,
respectively. Relevant computing codes of our implementation of GR4J within Theano are available at
GitHub (github.com/ckrapu/gr4j_theano).

KRAPU ET AL.
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2. Methods
To assess the effectiveness of the four algorithms considered, we designed multiple experiments in which we
attempted to estimate the precipitation that was used to force a hydrology model, conditional on either
simulated streamﬂow values (section 3.1) or real streamﬂow data (section 3.2). Section 2.1 describes the
hydrological model used, and section 2.2 outlines the prior distribution assumed for the precipitation values.
2.1. Conceptual Rainfall‐Runoff Model
We selected GR4J as our hydrological model, as it is a compact, parsimonious representation of runoff generation requiring only daily time series of precipitation and potential evapotranspiration (PET). Several studies have employed GR4J in a Bayesian estimation framework
(Evin et al., 2014; Thyer et al., 2009). Comparable conceptual hydrological models include HBV (Lindström
et al., 1997), HyMOD (Boyle et al., 2003), and IHACRES (Jakeman et al., 1990). GR4J has only four
parameters and is built around a dual reservoir structure; if daily rainfall Pt exceeds PET Et, the net rainfall
Pt − Et is added to the storage reservoir, which is parameterized by a capacity parameter x1 in units of
millimeters of water. This storage reservoir may experience deep losses, which are parameterized by x2 in
units of millimeters per day. Evaporative losses from the storage reservoir are determined by Et. The storage
reservoir transfers water to a second reservoir with capacity x3 (mm), which is routed and converted into a
stream hydrograph according to a process controlled by parameter x4, which is in units of days. Full details of
the hydrological model are given in Perrin et al. (2003). In all applications studied within this work, we treat
the 4 GR4J parameters as ﬁxed, known quantities. We will refer to these as the structural parameters for
GR4J to disambiguate them from the inverse rainfall estimates, which can also be considered parameters
of our model in a statistical sense. For the synthetic data case studies (section 3.1), the inverse estimates of
precipitation were conditioned on true values used for generating simulated discharge. The forward simulation of streamﬂow time series was done with a daily time step, and we did not include a more robust numerical integration scheme (Kavetski & Clark, 2010) or a continuous‐time representation (Santos et al., 2018) of
GR4J. In our real‐world case study (section 3.2), we ﬁrst performed estimation of the GR4J structural
parameters and initial conditions with a single year of data of precipitation, PET, and streamﬂow. This
was not a held‐out subset of the data, as we needed the initial conditions for the assessment period to be
the same as the initial conditions for the training period. We then treat the posterior mean of these estimates
as ground truth for an inverse estimation procedure over that year and the following 24 years. We adopted
this procedure for the real‐world case study in order to disambiguate estimation issues occurring due to
GR4J model structure from deﬁciencies in the parameter estimation algorithms used; as this study is not
intended to critically evaluate the performance of GR4J, we did not regard joint estimation of structural
parameters X = {x1, x2, x3, x4} and inverse parameters {P1, …, PT} as an objective of this work.
Consequently, the inverse estimation problem studied in this work can be understood as the estimation of
the posterior density p(P1, …, PT| X, E1, …, ET, Q1, …, QT) in terms of the likelihood p(Q1, …, QT| X, E1, …ET)
and the prior distribution p(P1, …, PT). The next section discusses the prior distribution in greater detail.
2.2. Stochastic Rainfall Model
Rainfall has been studied extensively from a stochastic or probability‐centric point of view (Guttorp, 1996;
Rodriguez‐Iturbe et al., 1987; Waymire & Gupta, 1981) with multiple distributional forms suggested for
rainfall volumes (Cannon, 2008; Hanson & Vogel, 2008) and cross‐day correlations for the presence and
absence of rainfall (Holsclaw et al., 2016). With regard to the presence and absence of rainfall, two different
formulations were considered in this study. In the ﬁrst, our goal was to estimate precipitation inputs given
knowledge of which days had rainfall; that is, the binary indicator variable r t ¼ I Pt >0 is observed and is not a
quantity to be estimated. In the second formulation, we treat rt as a Bernoulli random variable parameterized by pr, the probability of rain on any given day such that Pr(rt = 1) = pr. For the latter case, we ﬁxed
the hyperparameter pr to be equal to the fraction of days that rain was observed over the span of the data
used. It is important to note that since pr is a discrete random variable, the gradient of the model likelihood
with regard to rt is not well deﬁned. We employ a reparameterization of rt as a deterministic transformation
of a continuous variable r t ¼ I U t >1−pr , where Ut~Uniform(0,1) to allow application of ADVI and HMC.
Rainfall volumes are parameterized as vt~Lognormal(μ, σ2). μ and σ2 both have their own weak lognormal
prior distributions: μ~Lognormal(mu = 2.0, sμ = 3.0) and σ~Lognormal(mσ = 0.5, sσ = 1.0). The
KRAPU ET AL.
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hyperparameters for these prior distributions were chosen to provide a
weak prior that roughly matches the observed marginal distribution of
rainfall volumes across all the used data sets. Daily time series of precipitation are therefore deﬁned as Pt = vt · rt under this model. Figure 2 depicts
the combined GR4J‐stochastic rainfall model in graphical form. We refer
to the case where the presence of rainfall is observed as the lognormal
rainfall model (LNR; Cho et al., 2004; Kedem & Chiu, 1987). The case in
which the presence of rainfall is latent will be referred to as the
Bernoulli‐lognormal rainfall (B‐LNR) model.
2.3. Parameter Estimation
We compared four algorithms for inverse estimation of Pt and rt: random
walk Metropolis (RWM; Haario et al., 2001), differential evolution
Metropolis (DEM; Braak, 2006), the No‐U‐Turn Sampler (NUTS;
Hoffman & Gelman, 2014), and ADVI (Kucukelbir et al., 2016). RWM,
DEM, and NUTS are all Markov chain Monte Carlo (MCMC) methods,
which require drawing large numbers of samples from the posterior distribution in order to compute the posterior density, while ADVI is a
Bayesian approximation method, which does not draw samples from the
true posterior. MCMC has been used extensively in hydrology for estimation of model structural parameters such as X = {x1, …, x4} in GR4J as well
as statistical parameters such as the variance and autocorrelation of error
processes (Bates & Campbell, 2001) and parameters for input error models
(Kavetski et al., 2006). However, drawing sufﬁcient numbers of samples to
adequately estimate the posterior can be prohibitively slow for large data
sets and models as each drawn sample requires evaluation of the likelihood p(x| θ), a potentially expensive calculation. Each MCMC algorithm
described here shares several common steps for generating samples of
the parameter vector θ. A Markov chain S = θ1,θ2, …,θn with n samples
Figure 2. Combined stochastic rainfall‐runoff model. Daily rainfall is created by ﬁrst initializing θ1 to a random value and proposing a new
volumes are represented as draws from a lognormal distribution paramecandidate value for θ2 given some proposal function. The key difference
terized by mean μ and standard deviation σ. These are then used as inputs in between RWM, DEM, and the NUTS is the mechanism by which new proGR4J, along with potential evapotranspiration (Et). In this diagram we have
posals are generated. Each of these three algorithms also includes a
assumed that the presence/absence of rain on any given day is a known
Metropolis step in which the posterior density of the proposed new value
variable, though we also consider the case in which it is unobserved.
of θt + 1 is compared to the posterior density of the current parameter value
θt. If the posterior density is higher for the new value, then the Markov
chain moves deterministically to that new value. If the posterior density is higher for the current parameter
value, then the chain moves to the new candidate θt + 1 with some probability less than one. Once the chain S
is long enough, summaries of the posterior are generated from the samples drawn in S. For example, the
posterior mean can be estimated by simply taking the mean of the values saved in the chain S.
An alternative strategy, commonly referred to as a variational Bayes approach, is to identify a parametric
approximating distribution q(ϕ, θ) for the posterior p(θ| x) such that the parameters ϕ are easily optimized
to better match the posterior. However, identifying the form of the variational objective function usually
requires a detailed analysis of the model likelihood, which is sufﬁciently difﬁcult to be infeasible for many
nonstatisticians. ADVI is a variational Bayesian algorithm that employs AD to derive an efﬁcient formula
for optimizing q with regard to the variational parameters ϕ without human intervention. Additional details
are given for each method in the following subsections.
2.3.1. Random Walk Metropolis
The RWM algorithm is the simplest of the methods we employed in this study. The proposal distribution
used to generate candidate values of θt+1 conditional on θt is a multivariate normal centered at θt and with
a covariance matrix Σ that is updated during the tuning phase to be proportional to the covariance matrix of
past samples. This enables the RWM sampler to make proposals that are rescaled to match the shape of the
posterior distribution. This approach can be applied in virtually any Bayesian model ﬁtting context but can
KRAPU ET AL.
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suffer from much longer convergence times for models with large numbers of parameters than methods that
makes use of the gradient of the posterior density. In particular, statistical theory suggests that gradient‐
 1
based methods such as NUTS and other HMC‐based algorithms require less than O d3 samples to converge
to the posterior while RWM requires O(d) samples (Mattingly et al., 2012) where d denotes the number of
unknown parameters to be estimated. For both the RWM and NUTS algorithms, each sample requires at
least one evaluation of the likelihood function. For the settings considered in this work, this evaluation
involves running the entire forward model and therefore involves O(d) operations. Thus, the computational
effort involved in drawing samples that converge to the posterior is O(d2).
2.3.2. Differential Evolution Metropolis
DEM is a version of evolutionary MCMC in which K different MCMC chains S1,…,SK are run in parallel. This
is a probabilistic version of the widely used differential evolution optimization method (Storn & Price, 1997),
which is a genetic algorithm incorporating mutation and crossover rules. At each sampling iteration, new
candidates are generated for the kth chain by taking the most recent sample, that is, the vector θtk and adding
to this vector a term proportional to the difference between the most recent samples from two other chains
k1,k2 chosen at random from the population of K chains. Then, this new value is perturbed with additive
noise ϵ drawn from a normal distribution (equation (1)). The parameter γ governs the trade‐off between large
and small jumps across the parameter space. We follow the recommendation of ter Braak (2006) and set γ ¼
pﬃﬃﬃﬃﬃ
2:38· 2d where d is the dimensionality of the proposal distribution.


θtþ1;k ¼ θt;k þ γ θt;k1 −θt;k2 þ ϵ

(1)

The number of chains used by DEM is a hyperparameter that must be set at the beginning of the estimation
process. The recommendation offered by ter Braak (2006) is to use at least K = 2 · d chains though in the
applications we consider here, the number of chains required by this rule would exceed 1,500 for some of
our longer streamﬂow records. This precludes allocating a single chain to each processor. While reﬁnements
in evolutionary MCMC such as differential evolution adaptive Metropolis (Laloy & Vrugt, 2012; Vrugt, 2016;
Vrugt & Ter Braak, 2011) appear to reduce this number to K ≈ d, this linear scaling appears to make application of differential evolution adaptive Metropolis or a similar evolutionary MCMC method unattractive for
estimation with desktop computers in very large inverse problems of the sort considered in section 3.2.
2.3.3. No‐U‐Turn Sampler
While the previous two methods make extensive use of random walk style methods in which exploration of
the possible parameter space is achieved using random jumps, the NUTS is a variant of HMC (Neal, 2012), a
type of MCMC that maps the model's posterior density to a potential energy surface U(θ) = e−f(θ| x). This
energy surface is used to simulate physics‐like dynamics with the goal of allowing the sampler to rapidly
move across the posterior, favoring zones of high probability but with the ability to occasionally visit low‐
probability regions. As a result, trajectories of the sampler in parameter space tend to move toward regions
of higher posterior density. This approach requires calculating the gradient of the energy function with
regard to the model parameters but is known to be more effective than nongradient‐based methods when
used to estimate posteriors with high‐dimensional parameter sets or cross‐parameter correlations. HMC is
highly attractive for high‐dimensional Bayesian estimation as the number of samples required to converge
 1
to the posterior is O d4 (Beskos et al., 2013) compared to O(d) samples for the RWM algorithm. The
NUTS (Hoffman & Gelman, 2014) is a variant of HMC in which the trajectories are not allowed to double
back on themselves in order to reduce the amount of time spent sampling in regions of the posterior, which
have already been explored. HMC is designed to work on difﬁcult statistical modeling problems with large
numbers of parameters such as Bayesian neural networks (Neal, 1996). For more information on HMC and
NUTS, we refer the reader to a review and tutorial paper by Betancourt (2017). A major shortcoming of HMC
and other MCMC methods relative to ADVI is that the MCMC scales poorly to large data sets and becomes
prohibitively expensive in terms of compute time (Blei et al., 2017). Moreover, HMC is not currently
applicable to models with discrete variables.
2.3.4. Automatic Differentiation Variational Inference
Bayesian parameter estimation for hydrological models can be difﬁcult and time‐consuming when the
complexity of the model or length of the streamﬂow record is sufﬁciently long that drawing a single
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sample of the parameter values takes more than a few seconds, as each MCMC method typically requires on
the order of 102 to 105 samples to be drawn before convergence. This is especially true for estimation
methods requiring the gradient of the model posterior density, as this requires more computation time than
simply evaluating the likelihood. Nongradient‐based MCMC methods may draw each sample relatively
quickly but typically involve random walk exploration of the posterior without knowledge of its geometry.
In high‐dimensional parameter spaces, this is highly inefﬁcient (Girolami & Calderhead, 2011), and it
may take an unreasonably long time for the Markov chain estimates of the posterior to converge. Ideally,
information from the gradient could be incorporated in a way that does not require large numbers of expensive samples to be drawn.
In statistics and machine learning, variational Bayes approximations (Fox & Roberts, 2012) are frequently
used to calculate approximate the posterior distribution. We note that this is a qualitatively different kind
of approximation from MCMC; while samples drawn using MCMC are guaranteed to converge to the true
posterior, variational inference (VI) methods do not carry the same guarantee. A variational approach
requires (1) making simplifying assumptions about the approximate posterior density q(ϕ, θ) that simplify
calculations and (2) deriving a formula for the variational updates for the parameters ϕ governing the
approximate posterior. These updates iteratively decrease the distance between the true posterior and the
approximating posterior. A common approach used for Step 1 is to assume that the probability distribution
q factorizes as a product of marginal densities, that is, q(ϕ, θ) = ∏iqi(ϕi, θi). Step 2 usually requires extensive
manipulation of the model posterior density and is likely impossible to achieve with pen‐and‐paper calculations for hydrological models, which exhibit cross‐time step dependencies and nonlinear dynamics.
However, by employing AD, a formula for the variational update equations can be automatically derived
(Kucukelbir et al., 2016). This enables practical usage of VI by users outside of the statistics and machine
learning research communities. For a comprehensive overview of variational methods for parameter estimation, see Blei et al. (2017). After the optimization, samples can be drawn from the approximate posterior estimated by ADVI, though we note that no MCMC is involved in this step. In every application of ADVI
mentioned in this study, 500 samples were drawn from the approximate posterior in order to calculate
approximate posterior estimates of the inverse parameters.
2.3.5. Comparative Advantages and Disadvantages
Each of the methods described in this section have unique advantages and disadvantages; the RWM algorithm can draw samples relatively quickly but can require unreasonably large numbers of samples to estimate high‐dimensional posteriors. Population sampling methods like DEM can perform better than RWM
with larger parameter sets but require running an increasing number of chains with posterior dimension.
NUTS and other HMC‐based methods do well at estimating high‐dimensional posterior distributions with
a single chain but can require excessive amounts of time to draw individual samples. Theoretical analyses
of MCMC convergence rates (Beskos et al., 2013; Mattingly et al., 2012; Pillai et al., 2012) indicate that
 1
 1
MCMC methods using the gradient of the log likelihood require O d3 or O d4 samples to converge to
the posterior, as opposed to O(d) samples for RWM. When taking into account the computational cost of
evaluating the likelihood function, which is typically O(d), the overall complexity of NUTS and RWM is pre 5
dicted to be O d4 and O(d2), respectively. This comparative advantage is achieved by avoiding the random
walk behavior exhibited by nongradient‐based methods in high‐dimensional settings (Mattingly et al., 2012).
Furthermore, the posterior probability density in high‐dimensional problems is known to concentrate in a
small region of the parameter space, and navigation of this high‐probability region is greatly enhanced by
posterior curvature information provided by the gradient (Betancourt et al., 2014). In the next section, we
describe a case study designed to evaluate the relative strengths and weaknesses of each approach for inverse
parameter estimation problems in hydrology.

3. Data and Case Studies
We compared all the algorithms from the previous section as applied to synthetic data sets up to 12,000 time
steps long (section 3.1). We included a case study employing real data over 25 years of daily observations to
assess which methods could be employed for a very large estimation problem (section 3.2.1). An analysis of
the suitability of these methods for uncertainty quantiﬁcation using a single year of real data was also
conducted (section 3.2.2)
KRAPU ET AL.
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3.1. Assessment With Simulated Data
We used simulated streamﬂow generated with GR4J with no obfuscating noise to test the ability and efﬁciency of each algorithm in an idealized setting. We obtained estimates of precipitation and PET spanning
50 days across the period 1 January 1948 to 19 February 1948 from the watershed of the Strawberry River
in Arkansas, USA, via the MOPEX data set (Schaake et al., 2006). We set the model parameters to
x1 = 100,x2 = 0.5,x3 = 15,x4 = 2.5 with initial conditions of S0 = 100 and R0 = 8. S0 and R0 are the initial water
levels in the two reservoirs described in section 2.1.We then generated streamﬂow sequences of length
T where T was allowed to vary over 20 values ranging from 25 to 12,000 time steps by repeating the ﬁrst
50 days of precipitation and PET for all cases in which T > 50 for simplicity and to ensure temporal stationarity for the inputs. No noise was added to the simulated streamﬂow, but a normal error distribution with
σ = 0.1 mm/day was assumed to induce a valid likelihood function. For each T, we attempted to recover the
original precipitation inputs using the LNR model. We note that the number of days of streamﬂow T is not
identical to the number of parameters d, which must be estimated. For all of the case studies in this paper,
the number of days with nonzero rainfall volumes is between 50% and 60% of all days and therefore d ≈ 0.5T
or d ≈ 0.6T.
To compare performance of each algorithm with regard to convergence to the true posterior, we calculated
the number of iterations and length of computation time required before a minimum accuracy threshold
was reached. We required that the estimates had to reach a minimum Bayesian R2 (Gelman et al., 2017)
of 0.90. This time is abbreviated as τ90, and a low value signiﬁes that the inverse precipitation estimates
are highly correlated with the true precipitation values with a small amount of time required for computation. These estimates were obtained by using the most recent samples or iterations; we used the preceding 10
samples for NUTS and the preceding 100 samples for RWM and DEM, as the latter two methods showed substantially higher sample autocorrelation. For ADVI, we used the approximate posterior of the single most
recent optimization state. However, for increasing values of T the accuracy threshold was not reached within
a reasonable amount of time for some algorithms, so we allowed for a maximum run time of 6 hr. Each of the
sampling algorithms (RWM, DEM, and NUTS) was restarted three times to allow us to examine the inﬂuence of variation due to random initialization while only a single repetition was used for ADVI. For each
repetition, 4 RWM chains, 10 DEM chains, 1 NUTS chain, and 1 ADVI optimization were run. In the case
of RWM and NUTS, the chains operate independently of each other and thus repeating an experiment in
triplicate with four chains in equivalent to running 12 chains sequentially. However, for DEM, the 10 chains
constitute a population among which cross‐chain updates are made at every iteration. We restricted all algorithms to 6 hr of run time; many of the DEM and RWM chains failed to converge within the time alotted for
d > 100. We also estimated the scaling properties for each algorithm by estimating trends in logτ90 in relation
to log T. We took the median τ90 value for each combination of algorithm and T and conducted a linear
regression using ordinary least squares with the ﬁve largest problem sizes for which convergence was
achieved for each algorithm. In the case of RWM, this meant using T ∈ {600,800,1,200,1,600,2,000} while
for ADVI and NUTS, T ∈ {5,000, 6,000, 8,000, 10,000, 12,000}.
3.2. Assessment With Real Data
3.2.1. Long‐Term Point Estimates
The ability of each algorithm to reconstruct precipitation over several decades was also assessed using long‐
term records of streamﬂow, precipitation, and PET for three locations: the previously mentioned Strawberry
River in Arkansas, USA (USGS gauge ID 07074000); the Leaf River in Mississippi, USA (02742000); and the
French Broad River (03443000). We note that the latter two watersheds were studied in the context of inverse
hydrological modeling in Vrugt et al. (2008). The data span the dates 1 January 1948 to 23 December 1977,
and several summary statistics are listed in Figure 3. We attempted to apply all four estimation algorithms,
though it was found that the time required to compute a minimum number of samples (in the case of the
MCMC methods) to achieve convergence to the posterior was sufﬁciently large to be infeasible for this study.
For RWM and DEM, acceptance rates under this model were too low to provide a reasonable estimate of
sample autocorrelation with 6 hr of computation time. For NUTS, results obtained with 6 hr of computation
produced multiple accepted proposals in the Markov chain but with a resulting Bayesian R2 of less than 0.01.
Consequently, in this section we focused on the abilities of ADVI to provide useful inverse estimates. Both
the B‐LNR and LNR models were used with an autoregressive lag‐1 error process assumed for the
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Figure 3. Streamﬂow and precipitation. These plots show the ﬁrst 6 months of streamﬂow and precipitation used in section 3.2. Annual means of precipitation and streamﬂow are listed in the top left corner of each plot. The conﬁdence
intervals shown as gray shading reﬂect the posterior distribution over the GR4J structural parameters and do not incorporate a noise distribution.

observations. The GR4J structural parameters as well as standard deviation of the AR(1) increments and the
autocorrelation were estimated from the ﬁrst single year of data available for each catchment using four
NUTS chains, which were allowed to run to convergence. Similar assessment criteria to the previous
section were applied, and results from this assessment are discussed in section 4.2. We used 40,000
iterations of ADVI in each case, and this was a sufﬁciently large number of iterations to reach
convergence for the ADVI loss function. In all three scenarios, estimation took less than the alotted 6 hr
using a single core on a standard desktop computer.
3.2.2. Posterior Uncertainty Quantiﬁcation
A major advantage to performing parameter estimation within a Bayesian framework is the availability of
credible intervals and posterior uncertainty quantiﬁcation for all estimated quantities. To determine
whether or not the algorithms considered provided useful uncertainty estimates, we conducted an analysis
of the posterior coverage properties of our precipitation estimates. We modiﬁed the analysis performed in
the previous section to consist of a single year of data from each of the three watersheds with the LNR model
b and the variational loss function, respecand ran both NUTS and ADVI until convergence, as gauged by R
tively. This required drawing 1,000 samples with NUTS and running ADVI for 40,000 iterations. We then
calculated the fraction of times that the posterior credible intervals for the estimated precipitation amount
contained the true value. We assumed a nominal coverage probability of 90%, indicating that we counted
the number of instances in which the 90% credible interval included the true value. Actual coverage probabilities less than 90% indicate biased or overconﬁdent estimates while coverage probabilities over 90% typically suggest inﬂated posterior variance.

4. Results
4.1. Simulated Data
Figure 4 displays a comparison of computation time and number of unknown variables. ADVI and NUTS
were uniformly faster to reach convergence for all sequences of length greater than 300 days, and no
DEM or RWM chains reached the accuracy threshold for any T > 2,000. Furthermore, most MCMC chains
for RWM failed for 1,000 < T < 2,000, with less than 3 out of 12 chains reaching the accuracy threshold in the
allotted time. For ADVI, τ90 appeared to scale linearly with d and T while all of the MCMC method appear to
KRAPU ET AL.
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require time of O(d2) or greater. While NUTS was uniformly faster
than RWM for every problem considered in this section, it appears
5

that the T 90 ∝d4 scaling property of NUTS suggested by theory was
not achieved in our experiments. Furthermore, although NUTS
exhibited lower τ90 values in all cases with T > 100, the difference
in scalability between ADVI and NUTS suggests that ADVI would
become more efﬁcient for >105 variables 4.
4.2. Multidecadal Estimation for Real Data
4.2.1. Long‐Term Point Estimates
Inverse precipitation estimates for both the BLN‐R and LN‐R model
using ADVI across all three catchments are shown in Figure 5. We
computed Bayesian R2 values for the 1‐day totals, 10‐day sums, and
30‐day sums. In all cases, R2 fell in the range 0.38–0.75. The
Bernoulli‐lognormal model had uniformly worse performance across
every
combination of summation time (i.e., 1, 10, or 30 days) and
Figure 4. Comparison of estimation methods as measured by log computation
catchment.
This is unsurprising given that estimation of the presence
time versus log T. For the Markov chain Monte Carlo methods, each marker
indicates an independent chain (in the case of random walk Metropolis [RWM] or and absence of rain adds considerably to the difﬁculty of the problem.
No‐U‐Turn Sampler [NUTS]) or population of chains (in the case of differential
On the basis of comparison across 1‐day precipitation estimates, the
evolution Metropolis [DEM]). No RWM or DEM chain reached the requisite
LNR model at the Strawberry River exhibited the highest predictive
accuracy threshold for values of T > 1,500. ADVI = automatic differentiation
performance with R2 = 0.57, and the worst case was the B‐LNR
variational inference
model at the same site with R2 = 0.38. The marginal distributions
of precipitation volumes were also assessed for each site and are shown in ﬁgure 6. While both the LNR
and B‐LNR models underestimate the frequency of small rainfall events (< 1 mm in equivalent watershed
depth), the upper tails of the true distribution appear to match the estimated posterior. We note that this
is due to the distributional assumptions made in the stochastic model deﬁnition; including a more realistic
distribution for daily rainfall volumes such as the Pearson Type III (Hanson & Vogel, 2008) could potentially
lead to more accurate estimates. Two of the watersheds analyzed in this section were also the focus of a
Bayesian inverse modeling study (Vrugt et al., 2008). However, a comparison of effectiveness with that work
is not possible here, as the former assumed d ≈ 60 while we have used d > 6,000, and there were also major
differences in hydrological model and prior assumptions.
4.2.2. Posterior Uncertainty Quantiﬁcation
Across the Strawberry River, French Broad River, and Leaf River data sets, the posterior coverage probabilities were 80%, 80%, and 82% for NUTS and 81%, 83%, and 81% for ADVI, respectively. Their departure from
the nominal value of 90% indicates that the true posterior has not been captured completely by posterior estimates obtained using either NUTS or ADVI. Potential reasons for this discrepancy include structural model
misspeciﬁcation, inappropriate distributional assumptions for the error process, or bias due to an overly
strong prior. As the prior distribution assumed over precipitation inputs was relatively diffuse, it appears that
the former two causes are likely to be responsible. While variational Bayes methods are known to underestimate the posterior variance under certain conditions (Blei et al., 2017), the similar values for NUTS and
ADVI coverage probabilities do not suggest that ADVI is performing worse due to this phenomenon.

5. Discussion
5.1. Comparison of Methods
One of the primary objectives of this work was to ascertain whether or not it is possible to write a
hydrological model in a deep learning framework so as to perform model‐based analyses such as inverse
parameter estimation. We have found that it is straightforward and differs from the normal scientiﬁc programming procedure at a few points, mostly related to control ﬂow such as if statements and for loops,
which, in Theano, are replaced with switch and scan statements, which serve the same purpose, respectively.
We have made our code available at github.com/ckrapu/gr4j_theano for any users wishing to extend or
replicate the modeling conducted in this study. Additionally, we have found that the gradient information
propagated through the model via AD does indeed appear to enable more advanced inference techniques.
The model comparison performed in section 3.1 indicates that gradient‐based methods for estimation
KRAPU ET AL.
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Figure 5. Inverse estimates of precipitation using real data. The 10‐ and 30‐day sums were calculated for a single draw from the approximate posterior estimated by
2
automatic differentiation variational inference. The Bayesian R values reﬂect the accuracy of the inverse model evaluated over all 500 draws from the
approximate posterior.

such as NUTS and ADVI outperform methods that do not incorporate this information. However, this
comparison is not comprehensive, and it is possible that for relatively low‐dimensional (d < 1,000)
problems, implementing a hydrological model in an AD‐enabled framework does not lead to major gains
in sampling or estimation efﬁciency.

Figure 6. Marginal distribution of precipitation volumes. Our stochastic rainfall model differs from the true rainfall distribution for small events but accurately
captures the right tail of the volume distribution. LNR = lognormal rainfall; B‐LNR = Bernoulli‐lognormal rainfall.
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While the results presented in the comparative analysis (section 4.2) show relatively poor performance from
random walk and DEM with increasing problem size as compared to NUTS and ADVI, in some cases, it may
be feasible to simply draw many more samples until the chains have converged. It is also possible to use a
combination of sampling methods to realize speciﬁc advantages of each one on different model subcomponents. For example, HMC could be used for numerous low‐level parameters, which only inﬂuence a small
portion of the model (Neal, 2012) such as individual rainfall volumes, while a simpler method such as the
Metropolis algorithm could be used for high‐level parameters such as the mean and variance of the prior
distribution over rainfall volumes. Combining multiple MCMC methods often results in another valid sampling algorithm (Andrieu et al., 2003), and this approach removes the requirement for simulating
Hamiltonian dynamics over parameters that inﬂuence many different parts of the model and therefore have
computationally expensive gradients. Integration of MCMC and variational methods is also a potential
option (Salimans et al., 2015), though algorithms incorporating this approach are relatively new and not
yet available in commonly used parameter estimation frameworks. While we have shown results for estimation assuming a simple rainfall‐runoff model, the general approach of embedding a hydrological model into
a deep learning framework may also be applicable to more sophisticated models with multiple spatial units
and potentially even physically based models as well (Schenck & Fox, 2018).
A surprising ﬁnding from this study is that ADVI adheres closely to O(d) scaling of the time required for con 5
vergence, while NUTS exceeds the O d4 convergence times predicted in the statistical theory literature for
HMC (Neal, 2011). This may be due to additional computational overhead attributable to a suboptimal
implementation of either the model or gradient calculation procedure or violations of the assumptions
underlying existing studies of convergence rates on HMC. Additionally, we found that while NUTS was
capable of rapidly converging toward the posterior in the synthetic data case for d > 103, similar performance
could not be achieved with the real data set. This suggests that NUTS is sensitive to model misspeciﬁcation
and prior assumptions. In the real data set, ADVI was the only algorithm able to obtain precipitation
estimates with any correspondence to the true values.
5.2. Implications for Hydrolgical Modeling
While this study has focused on showing a proof of concept for Bayesian inverse estimation with models on
the order of 103–104 parameters, the methods used are known to scale to models with 106–107 parameters
(Tran et al., 2018) and beyond. The strategy of combining a continuous data‐generating process with a
probability distribution over the inputs and the error model is generic and amenable to standard Bayesian
inferential techniques such as MCMC and scalable methods such as variational inference. As virtually all
hydrological models are composed of continuous functions, the suitability of gradient‐based optimization
for their calibration and inverse estimation is guaranteed. We note that this also allows for a more balanced
class of models between process‐centric and purely empirical approaches; for example, joint estimation of
the parameters of a model comprised of the sum of a process‐based hydrological model and an empirical
component such as an ARIMA or a recurrent neural network‐based error process is now possible.
Alternatively, subcomponents of process models corresponding to poorly understood or underconstrained
mechanisms could be replaced with empirical representations to improve predictive accuracy or provide statistical uncertainty quantiﬁcation. While we have assumed in this work that the structural model parameters
are known, it is straightforward to treat them as additional unknown quantities to be estimated jointly with
the model inputs. It may even be possible to then use the inverse estimation procedure as a sort of validation
check; a hydrological model that is sufﬁciently constrained and identiﬁed in parameter space could be
assessed via the accuracy of its inverse estimates as well as the accuracy of its forward simulation.
Previously, the calibration or parameter estimation techniques relied on in hydrology were not feasible for
large empirical or statistical models; this work shows that techniques designed for the latter are applicable
to process‐based models in principle. Much remaining work must be done to determine whether hydrological models with more advanced ODE solvers or a high spatial resolution (Kollet & Maxwell, 2006; Kumar
et al., 2009; Shen & Phanikumar, 2010) can be accommodated in this framework. Fortunately, the problem
of using gradient‐based methods to estimate ODE parameters has already attracted substantial interest in
the machine learning community (Chen et al., 2018), and it is possible that the solutions and insights
gleaned from that research will translate to more efﬁcient parameter estimation for environmental models.
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Inverse modeling is a problem of interest across the natural sciences where models are often both ill‐posed
and high dimensional. While the former issue can be addressed with adequate Bayesian priors, effective
methods for model inversion in Bayesian setting with many parameters have only recently been available.
We note that our work parallels observations from researchers in geophysics (Fichtner et al., 2019)
who have also noted the potential for inverse modeling with HMC. While this study has focused on
inverse modeling across long time periods for a single site, it is possible that this same approach would
be effective for spatially distributed inverse modeling. Previous studies on this topic have explored using
two stage estimation/optimization approches (Grundmann et al., 2019) or regularized inversion
(Kretzschmar et al., 2016), and it remains to be seen whether the approach advocated in this work
compares favorably with existing methods.

6. Conclusions
Currently, there is signiﬁcant attention paid to assessing the suitability and effectiveness of deep neural
networks in hydrological modeling. It is also possible to use deep learning‐style estimation methods for
hydrology‐speciﬁc model forms such as rainfall‐runoff models. This approach is highly effective when the
number of parameters is large, though not all gradient‐based estimation algorithms scale effectively to large
data sets. Our comparison of estimation methods in a synthetic data set shows that ADVI and the NUTS are
much more viable methods for parameter estimation when the dimensionality of the parameter space
exceeds 103 than previously used Bayesian estimation algorithms. We found that the total computational
effort required for ADVI was O(d), which compares favorable to >O(d2) time required by RWM and
DEM. This work should encourage further careful consideration of the interplay between machine learning
and hydrology and the optimization methods employed in each discipline.
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